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SMALL PERTURBATIONS IN A STREAM ISSUING FROM A SLIT
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Stability of a stream issuing from a slit-like opening between plane walls under
the action of small potential perturbations is considered,

1, Steady flow, We consider a plane problem for a stream of an ideal fluid
issuing from a slit-like opening in a vessel whose walls are half-planes forming an angle
of 2 a, 0<Ca<{m. A solution of the corresponding stationary problem for an incom-
pressible fluid is given in e, g, [1]. It is defined by mapping the hodograph plane on the
flow potential plane

E=In[B1 —L¥) Y, E=q, + il [=uy—iv, B=mn2a (1.1)
Here E is the complex potential and { is the complex velocity, The flow hodograph is
represented by the sector | [ | <C 1, |arg {|<C a and the potential region by the
strip [P, | << n/2. The rays ¢y << — In 2 and [, | = 7/2 correspond to the rigid
walls in the physical plane z, = x, + iy, and the rays ¢, > — In 2 and |, | =
1/2 correspond to the free surface,

2, Perturbation equations, Let the flow (1,1) be subjected at the instant
t == 0 to small perturbations such that the velocity field remains potential, and let the
potential of the perturbed flow be represented by

f (20, 0) = § + ¢fy (2o, 0) + O (&%)

Here ¢ is a small real parameter, while the function f; (z,, 0) is analytic and bounded
in the region D, of the steady flow, At { = ( the perturbed flow is potential, there-
fore at £ > O the perturbations satisfy thé following system of equations:
oj | ww P = 2.1
Regr+z+ =0 w=g &4
Here f (z, t) denotes the complex potential, w (z, t) is the complex velocity, p is
pressure, p is the constant density of the fluid and z = z -+ iy is the complex vari-
able in the region ), on the physical plane of the flow,
Since the initial perturbation is small, it is expedient to assume that D, differs little
from D,. Following [2] we linearize (2,1) using the conformal mapping D — D,

z:Z(zo,t)y Z(:tO(,t)-——‘iDO (22)

The mapping (2. 2) exists, since the regions D, and £, are not too dissimilar, and we
have z = 2z, + ez, (3,, 1), 2; = 2, O (1).
Let us set
p(Z, t) == pO (ZD) + 8p1 (z07 t)v w (Zv t) - C(ZO) + 811}1 (z07 t)
f(z,t) = E(20) + & [f1 (20, ) -+ L21 (20, D)]
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Then taking the first order terms in € ,we obtain from (2, 2)

p=—pRe(F+tw), w—t( 1@ (2.3)

$(8) = B (1 -t 4ext)

The following conditions hold at the free surface :

p = const, (%—) = (), (2.%)
Linearizing (2,4) we find
0f1 wr dz1 dz1  wr) _
Re(3-+2) =0, Im(c%+ ¢t + )= (2.5)
where & belongs to the rays ¢, > — In 2 and |, | = m/2. At the rigid walls we
have Im (w,/%) = 0, Tm (Zz,) — 0 2.6)

Relations (2,6) can be used to show that (2, 5) hold at the rigid walls, By virtue of the
analyticity of w; and 2; in D, and by (2. 3), the function ' is bounded when § — oo
and has integrable singularity at the points § = — In 2 <= in / 2, Assuming that

{ @z, / 8t and 8f,/dt are bounded in D). the assumption corresponding to a smooth
variation in time of the hydrodynamic functions and of D);, we find that the fact that

(2. 5) holds at the boundary of the strip l Py ] << it/ 2 implies that equations

oh w . oz | o 021 w1
-(f'i'?:la(t), ZWTC-@*FT:b(t) (2.7
hold everywhere in |, | << n / 2. The arbitrary functions a (t) and b (t) appearing
in the right-hand sides of (2, 7) can be assumed equal to zero, Indeed, the potential is
determined with the accuracy of up to the function of time and the mapping D — D,
must be normalized, Using (2. 3) to eliminate the potential f, from (2, 7) with & (8) =
b (t) = 0 and setting w, == 1,/{*, we obtain

| (é) P,

“lo 1 |7

w, |
=0 (2.8)
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1@ o

’31
Using (2.7) we can also obtain a formula for computing p, in terms of the perturbed
velocity: p; = p Re [ w, (1 — (L DL

3, Inftial values, The initial values are specified for the system (2, 8) for
£ =0 in the form w, (§,0) = Q (§) and z; (§, 0)=P (E). The functions p () and
Q (&) are assumed analytic in the strip | ¢, | <{ 7 / 2. Moreover, they must satisfy the
conditions at the walls ("the compatibility conditions"), i, e,

Im (2P ) = Tm (L0 () =0, [h]=m/2 @<l—Mm2 (31

We can describe the functions 2 (§) and (Q (&) effectively by considering them in the
hodograph plane, Then the condition (3.1) will hold on the segments { = rei%,
0 <C r <C 1. Applying in the plane [, = [3 the Schwartz symmetry principle and the

theorem on removable singularity, we obtain ,
1

" - — = a6
0= 20 @0, P= D i P r @ - (3.2)
ki ko= ;

r{z)=1VJ 1 = T h — 32, n = [2a/a] -+ |
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Here O, and P, are real numbers, The choice of the number n is governed by the con-
dition that p, — 0 as {— 0 (§— — oo), i.e, by the condition that the pressure at
infinity doesn't vary,

Thus the problem of propagation of perturbations has been reduced to solving the Cau-
chy problem for the system (2, 8) with initial values (3, 2) and the problem of stability,
to that of determining the rate of growth of solutions of (2, 8) with time,

4, The limiting case of « = 0. The case when the fluid flows out of a
pipe with parallel walls is particularly simple, and the solution of (2, 8) and (3, 2) can in
this case be obtained in the explicit form. The stationary flow is given by the formulas
§ =2y, § =1, p, = const. The perturbation equations are obtained from (2, 8) by
performing the limiting passage with a— 0

Ows Qirs z 1z
Tram=0, BT —0 (4.1)
and the initial conditions

wy (39, 0) = 2 *Q, lr g1, z (29, 0) = Z i*p, [r )" (4.2)

k>=1 E>1

follow from (3.2). The solution of (4,1) with initial values (4, 2) has the form

Wy (2o, 8) = ) iFQy 1F( 20 — 8"

k=1
(%.3)
21Go 8) = 2 ¥ (P — Qi) Ir (20— )IF
k>1

From (4. 3) it follows that the flow is unstabie and the perturbations of the free surface
increase linearly with ¢ , The solution obtained has a physical sense only for a finite
period of time, Indeed, when w; (2,, 0) == (), the upper and lower boundaries of the
stream will have to intersect at a certain instant of time, and this corresponds to the
break-up of the stream into separate drops, The formulas (4. 3) also show that the Fourier
method cannot be applied to the problem (4. 1), (4,2). Indeed.(4.1), (4.2) have no solu-
tion of the form e* F, (z,). This fact indicates the absence of natural oscillations in
the flow and the "drift" character of the propagation of perturbations,

Before constructing a solution to the problem (2. 8), (3.2), we should make the follow~-
ing remarks:

1. The system (2, 8) describing the perturbations has multiple characteristics and
is of the "Jordan cell” type, As we know, the Cauchy problem for such a system is not
correct in the Hadamard sense, The correctness of the statement of the problem is en-
sured in this case by the rigorous requirement that the initial values are analytic in the
region of the flow,

2, The characteristics of the system (2, 8) are represented by the streamlines of
the corresponding steady flow, From this point of view the streamlines are trajectories
along which small potential perturbations are propagated (we know that the vortical
perturbations are also translated along the streamlines),

3, Use of the complex variable makes it possible to reduce the solution of the
problem, after separating the time-dependence, to integration of a system of ordinary

differential equations (instead of the partial derivatives usually encountered in the plane
problems),
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4, Since the asymptotics of the solutions of (2, 8) and (4.1) must become identical
when § — o, we should expect the solutions of (2. 8) to increase at least linearly with
¢t « The solution of (2, 8) should be sought in the form of an expression, not in terms of
the elementary wave solutions, but in terms of the elementary solutions with the initial

values given by P
€ GO =1r@ "o
F—X
aE 0)=0; r@r °iF
Generally speaking, use of the Fourier method to solve the problem of stability with-
out analyzing the class of initial perturbations may lead to omissions, and even errors ,
Examples of such omissions are given in [3], Use of the Fourier method by the autnors of
[2, 4] led fo an erroneous result, The spectrum of purely real eigenvalues points to the
absence of wave solutions,

(4.4)

5, Constructing the solution, Let us consider the system of ordinary dif-
ferential equations obtained by applying the Laplace transform to (2, 8) with the initial
values (3.2)

d | wn Abs —As| Jwnf QO —sP “ i
a2 - = i 5.4
di 2. TL “ 1 A Z3. ” YL ” ( )
wy = Swze”"dt, 2y = Szle_)'/d[
1] U
A= 5, 3>30 >0

To show that a solution of (2, 8) with the initial values (3, 2) exists, it is sufficient to
show that a particular solution of (5,1) exists, for which the estimate

e = OGAY, 13l = O(RY (5.2)

holds in the strip | Yo | << 7/2 for sufficiently large | A |. Then the formulas express-
ing the solution of the problem (2, 8), (3,2) have the form

lw;\l

U+ ioo

lw, | A

25 .
U1

To simplity the process of constructing the solution, let us consider the case of the
initial values £ (3) = 0 and () (&) == 0. The case of /> (§) == U and Q (g) = 0
is treated in an identical manner, It should be noted that if the estimate l w | <
consl | 2|7 holds when 3 > 3,,then :

5= — \ werteidy

and the estimate | 2, | <C const | 4] 7! follows, Setting P -= () and passing in (5.1)

i : : . “1/n 1/
to the variable ., = {? and to the unknown functions us , == {}’un. and 2, .= ()2
=1 !
we obtain L N N rie
iy = AC (31), =y Uy C1 i
‘1L ! =} ]> - (.)/!)
=lan . _
< Sin ‘ l'— C(;]), —;,j)———}»,c(._sl> Zrx ! 0

~

) =1EE,  R@ —e) X Fodt

k=n
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The system (5. 4) has an essential singularity at {; = (. Following [5] (p. 198) we can
show that (5, 4) has a unique solution analytic within the circle | {, | << 1. Its Taylor
expansion has the form 0

P - ax (A)
bi (M)

The coefficients a; (1) and b, (X) are found from the following recurrent relations:

o0

-3

K=n

Wy 5

& (5.5)

”
"l,l :|

r, (n 4+ heo — 1/3) b — r.to
a, = An (}‘) ’ n An(k)
k—n
’ 1 22
ay = A1 [";\-Uf 4 Aey — T) — A (k + Aco) 2 ¢; <ak-j — Tbk-j >] y k>n
. ) k—n = k—n
b= — A ear 4 B Y ciaii+ Ak +Ae)) D eibe], k>n

j=1 j=1

A (M) = (k + Aeo) (k + Aoy — 1/B) + Aeo/B
where ¢; and 7; are the coefficients of the Taylor expansions for the functions ¢ ({,;)
and R (Sy). 1t can be shown that A, (A) 5= 0 for 5 >> 0. Therefore the series (5, 5)
represents a function analytic for | §; { << 1 and s > 0. Knowing (5, 5),we can obtain
the asymptotic expression for the function W, with A— oo, Let us denote

Ak = lim 7\«&}\-, Bk = lim th

}—o00 A—>00
The recurrent formulas yield k—n
— ~1. — a1 A
A4, =r.h Ay =rc, (rk — 2 chk__,-) , k>n
j==1

b’k:(), k>n

from which it follows that the series » AxG,* converges and its sum is equal to
R (Qx) ¢t (&y)- Wz

Thus we have the following asymptotic formula for A— oo :

e~ QA Q)= D) O™, Bi=Bi—t (5.6)
k>=n
From (5, 6) follow (5.2) and (5, 3), as well as an expansion in terms of the elementary
solutions with the initial values (4, 4),

Since the functions wy and z, are analytic when ¢ > (), the number @ in the expres-
sion (5. 3) can be chosen to be positive and arbitrarily small, i, e, the straight line along
which the integration is performed can be brought as near as we like to the vertical axis,
The perturbations on the free surface of the stream grow linearly in {, therefore the lat-
ter is unstable,

The experimentally arrived at fact of stability can be explained by considering the
"drift" character of the perturbations, Let us consider, for simplicity, the case a = 0.
We note that the growth of the perturbations takes place at the "Lagrangian" point z,=
{. At the same time, the perturbations at the "Eulerian” point z, = const tend to zero:
2, ~ te=! and w, ~ e~!. We can therefore assert that the stream is stable at a finite
distance from the slit,
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The laminar boundary layer is studied for a binary mixture in the case when
large blowing takes place from the streamlined surface, Velocity, concentra-
tion and temperature distributions within the boundary layer are obtained, for-
mulas for computing the distance to the "line of spreading” are given and ex-
pressions for the velocity, concentration and temperature gradients at the sur-
face of the body related to the magnitude of the blowing, are derived,

It was shown earlier [1] that the concentration and temperature gradients at
the separation point on the body decrease exponentially with increasing blow-
ing; the author of [2] obtained the power dependence on the blowing every-
where, except at the separation point, The present paper gives expressions
containing both these results and an estimate of the region of validity for each
of them,

1, The laminar boundary layer equations for a binary mixture have the form [3]

(Uaa)n' = Flom 4\

l /\\, 0 ? 0 ’ ’ st 4
(e |, - foa’ = 2 Un'ee’ — e (1.1)
(lc v ,' / . w2

( P 611' }ﬁ 7, C/,v.fev. - N (cpl - 2) Ca e-n -1 ,/', (fm‘)' -

”

Yo (| = 2 a1

0 i

. 7l 2 - , ) ,
= I (e + N | - e, (10 — [0

v i
rou v .
nes s\ ody, £ = \op,urtds
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